A remarkable coincidence has led to the discovery of a family of packings of m 2 + m ? 2 m=2-dimensional subspaces of m-dimensional space, whenever m is a power of 2. These packings meet the \orthoplex bound" and are therefore optimal.
Introduction
Let G(m; n) denote the Grassmannian space of all n-dimensional subspaces of real Euclidean m-dimensional space R m . The principal angles 1 ; : : :; n 2 0; =2] between two subspaces P, Q 2 G(m; n) are de ned by cos i = max u2P max v2Q u v = u i v i ; for i = 1; : : :; n, subject to u u = v v = 1, u u j = 0, v v j = 0 (1 j i ? 1). We de ne the In 11] we discussed the problem of nding good packings in G(m; n), that is, for given N = 1; 2; : : :, of choosing P 1 ; : : :; P N 2 G(m; n) so that min i6 =j d(P i ; P j ) is maximized. It was shown that for N > m(m + 1)=2 the highest achievable distance, d N (m; n), satis es 
A necessary condition for equality to hold in (1) is that N (m ? 1)(m + 2). An especially interesting case occurs when m is even, n = m=2, and N = (m ? 1)(m + 2), where we found optimal packings for m = 2; 4 and 8; that is, packings of 4 lines in R . The rst is the familiar con guration seen on the British ag (the Union Jack), the second is the \double-nine", a classic con guration from nineteenth-century geometry (see the references in 11] and also (3) below), but the third was discovered only after a very considerable computer-assisted search. At the time 11] was written we believed that there would be no further examples in this series.
It came as a considerable surprise therefore when we discovered that such packings exist whenever m is a power of 2.
These packings were discovered by a remarkable coincidence. One of us (P.W.S.) had discovered a family of groups in connection with quantum coding theory 10], and asked the other (N.J.A.S.) for the best way to determine their orders. N.J.A.S. explained to P.W.S. that the Magma computer system 6], 7], 8] was ideal for this, and gave as an example the symmetry group of above-mentioned set of 70 4-spaces in R 2 7 8! = 5160960. To our astonishment, the rst of his groups that P.W.S. tested turned out to be (almost) exactly the same group.
The version of the group that arises from quantum coding in fact has the coordinates in a slightly nicer order, and produces the 70 planes as the orbit of the plane spanned by the rst four coordinate vectors. With the help of our colleague R. H. Hardin we veri ed that the next three groups in the series produced packings meeting the bound in 16, 32 and 64 dimensions. Further investigation then produced the general construction given in Section 3. The groups are described in Section 2.
The group
The group G i that arises from quantum coding theory is a subgroup of the real orthogonal group O(V; R), where V denotes R m , m = 2 i , i 1, with coordinates indexed by binary i-tuples x = (x 1 ; : : :; x i ) 2 F i , and F is the eld of order 2. G i is generated by the following 2 i 2 i orthogonal matrices: Let H i be the group generated by the permutations and H 0 . Then G i = H i S HH i .
The packings described in Section 3 can be obtained by writing the coordinates in the natural lexicographic order and taking the orbit under G i of the subspace spanned by the rst 2 i?1 coordinate vectors (i.e., those in which x 1 = 0). However, the construction now given in Section 3 is a recursive one that no longer explicitly mentions the group. The group is only needed in the analysis, where we make use of the fact that it acts transitively on the subspaces. In the rest of this section we shall therefore give only a brief discussion of these groups, in order to show their connection with the Barnes-Wall lattices. 10] , 1]). Some transformations may be much easier to realize than others, and it is therefore important to know which sets of transformations are su cient for quantum computation, that is, which sets generate a group dense in SU (2 i ). An interesting set of transformations which generate a nite group are the linear Boolean functions on quantum bits (the permutation matrices in our group G i ), and certain rotations of quantum bits by =2. To obtain the corresponding subgroup of the orthogonal group SO(2 i ), only one rotation is required, which can be taken to be the matrix H.
The construction
We specify a subspace P 2 G(m; n) by giving a generator matrix, that is, an n m matrix whose rows span P. We will use the same symbol for the subspace and the generator matrix, and P ? will denote the subspace orthogonal to P (or a generator matrix thereof). I denotes an identity matrix.
The construction is recursive. We de ne a set Q i containing 2 as claimed.
Since the recursive de nition of the C i mentions the matrices (I0) and (0I), the coordinate positions of C i can be labeled from left to right with binary i-tuples in the natural order, and the group G i then acts by multiplication on the right. It is now easy to nd matrices in G i that permute the subspaces transitively. We leave the details to the reader. Therefore, to determine the distances between the planes, we may assume that one of the planes has generator matrix A = 2 6 6 6 6 6 4 formed from the diameters of a pair of dual 24-cells. We hope to discuss these packings (which appear to be a kind of Grassmannian analogue of Reed-Muller codes and Barnes-Wall lattices) in a subsequent paper.
